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Statistical Correlation Between First and
Second-Order PMD

E. Ibragimoy Member, IEEEG. ShtengelMember, IEEEand S. SuhMember, IEEE

Abstract—\We investigate the statistical correlation between shows that high values of DGD require testing with high values
first- and second-order polarization mode dispersion (PMD) of SOPMD.

effects, which is important for PMD mitigation. The theoretical In this paper, we follow a standard definition of PMD
results are compared to numerical simulations and experimental ’

data from a real high-PMD fiber. A new dependence between . .
first- and second-order PMD is found. We show that the root T=7P 1)
mean square (rms) value of the second-order PMD component,
perpendicular to PMD vector, increases with the length of the where PMD vectof has length- equal to the DGD and direc-
PMD vector. tion p, corresponding to the principal state of polarization (PSP).
Index Terms—Optical components, optical fiber communica- Differentiating (1) with respect to frequency gives two compo-
tions, optical fiber theory, polarization, signal reconstruction, nents of SOPMD
transmission lines.
I. INTRODUCTION .
S ) . The component parallel to the PMD vectqy;, is often called
NE of the difficulties in compensating polarizationsg|arization dependent chromatic dispersion (PCD) [3] and the
mode dispersion (PMD) is caused by its statisticgthogonal componerit. , is frequently called depolarization.
nature. In order to compensate PMD, it is essential to knowas shown in [4], the angular speed of PSP rotationde-
the statistical characteristics of the different PMD parametetgeases with DGB. The assumption was made that high values
Such considerations must include not only first-order PMB the orthogonalcomponent of SOPMB,,| = 7 - ., seldom
but also higher order of PMD. Much of this information isyccyr when DGD is large and, therefore, SOPMD is not impor-
now available. Statistics characterization, including probabilityn for large DGD. Our results show that, although the angular
density functions (pdfs) of second-order PMD (SOPMD), igpeed of the PSP rotation decreases with DGD for low DGD
given in [1], [2]. It was previously noticed that the SOPMR ajyes, the product - ., increases almost linearly with DGD
vector and the PMD vector are not statistically independefhen DGD is large. Therefore, the penalty due to the uncom-
but tend to be perpendicular to each other [1]. Itis also knovgansated high-order PMD increases with DGD.
that the PMD vector and the component of the SOPMD vectoryye investigate the statistics of both components of the
parallel to it are statistically independent [2]. However, th§opmp vector as functions of DGD. We demonstrate theoret-
statistical dependence between first- and second-order PRy and experimentally that the root mean square (rms) of
vectors has not yet been fully investigated. An importagke tangential component of the SOPMD vector increases close

question is: provided a known value of the differential groug, |inear with DGD, whereas the rms of PCD does not depend
delay (DGD) in the line, what is the probability of finding a5, pgp.

certain value of the magnitude of SOPMD? In other words,
what is the conditional probability of SOPMD, assuming that
the DGD has a certain value? This problem appeared while
testing a YAFO PMD compensator using a 12_Stage automaticTO calculate the PMD effects of first and the second order,
PMD emulator. When testing a behavior of the compensat®€ start with the equations connecting the PMD vecétand
what kind of second-order and higher order PMD should ofiee frequency derivative of the output polarization
test with the given value of DGD? Does the SOPMD increase .
when the DGD goes up, or does it decrease? Our investigation 5_3
o)

Il. ANALYTICAL APPROACH
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PMD fiber ands,,,; is a polarization vector on the output of the

same fiber, so thai,,; = 1'5;n, then = \~ oy
1 2 3
dgout _ dT - T T_l—» 5
dw %Sm e Sout- ®) Fig. 1. The cylinders represent pieces of birefringent fiber and the crossed

circles represent random polarization scattering between the sections described

Here T is the frequency derivative d% and we assume that by the random matri¥2. The random matrix? uniformly scatters polarization
e on the Poincare sphere. In this picture, light propagates from left to right.

the input polarization does not depend on the frequency; only
polarized .I'ght enters _the j|E)1er. @mpanng (3) and (5) ShOV\(—:‘Sxpression for the second-order PMD vector férsections,
that applying the matrif,, 7"+ to s is equivalent to the cross we notice that
product of this vector with the PMD vectat

Using the relation between (3) and (5), it is possible to obtain T = TN = TNt 4 Tt X T AT (10)
an expression for the DGD of two concatenated pieces of fiber.
Let 73 and7; be transmission matrices for two pieces of PMDvhere A7 is the PMD vector of a single section ang_;
fiber andsj, ands,,: be the polarization states at the input ants the PMD vector of NV — 1 concatenated sections, starting

output. Theng,, = 7»715,, and with the second and ending with téth section and’y _; =

. . ATRy_1ATRN_oAT ... ATR;. Notice that a single section
dSout dTQT 7 dli \ of the birefringent fiber does not have any second-order PMD.
do  \ dw ! + 2 | Om Applying this procedureéV — 1 times, we obtain the following
. RO value for the SOPMD vector:
= (TQwTQ_I + TQTIle_lTQ_I) gout- (6) N_1
Using (3) and the relation betwe&h7 ! and the cross product Te kz::l TNk X TNk AT (D
with PMD vector, we obtain the following expression for the ) )

DGD of two concatenated pieces of fiber: Here again,7y_; is the PMD vector of N — % con-

catenated sections starting with théth section and
T=7+ TQ'?l (7) Tn_w = ATRN_1ATRNy AT ... ATRy.

Itis easy to see that squaring and averaging of the expression
where7 is the PMD vector of concatenation of two pieces ofl1) leads in the limit of largéV to the well-known relationship
fiber with PMD vectors; and7;. Squaring and averaging (7),between the first- and second-order PMD vectors [1]
we obtain the known formula for PMD of two pieces of con- N1
catenated fiber{7?) = (r3) + (7£). To obtain an analogous -2 2 .2 2

i ) . . Y =A 6
expression for the second-order PMD, we first differentiate (7) <T‘°> ’ nz::l <Sm > <T">
with respect to frequency ) N—1 .
2 2 =2\2

a7 . N :§AT Z <Tn> = §<7’ > . (12)

o = Tt 71w + To T, (TQTl) (8) n=1
Here,Ar = |AT] is the DGD of a single section aritlis the
PMD vector of the entire link. In the derivation of this expres-
sion, we assumedy_; andZy_x A7 to be statistically inde-
pendent and,, to be a random angle between these vectors. As

Here, 7, is the SOPMD vector of two concatenated pieces #fiS Shown in [6],cos 6, in this case, will be uniformly dis-
fiber, 7 is the transmission matrix of second filigy and7,7,,  tributed between-1 and 1. _
and7,, are the first- and second-order PMD vectors of the first Equation (11) is a sum of cross products of randomly ori-
and second sections, respectively. Concatenation rules (7) §REd vectord y . A7 with the PMD vector ofV — & sections
(9), in slightly different form, are presented in [3] and [5]. ~ 7v—+- For smallk, the terms in the sum (11) are highly corre-
Using (9), we can now obtain the statistical dependenciééed with the vector of the entire link and, therefore, the cross

between the first- and second-order PMD vectors. We reRroductsrv_ x Ty_x A7 will be nearly perpendicular to the
resent a PMD fiber as a combination &f equal sections vector7 for smallk. The large is, the less correlation remains

of polarization-maintaining fiber with random polarizatiorP&Weenry _ and7. Within a good approximation, we can as-
scattering between the sections, as shown in Fig. 1. Here, $ine thatall the vectorgy ;. with the numbers; smaller than
assume that light between the consecutive sections scatfef§ain numbek” have the same magnitude and direction as
uniformly over the Poincaré sphere (random mode couplingﬁ.and all the vectors with larger numbers are completely uncor-
In simulation, we used a scattering matd@with three uni- related with7. In this case, the sum (11) will be divided into
formly distributed random parameters, similar to three Eul&© parts, one proportional @ and another with the direction
angles. The transmission mattk therefore, is the following "ahdom with respect &

product?” = ATRn_1AT ... ReATR;AT where AT is Ne1l

the transmission function of one section aRg is a random 7, = Ca|T| AT + Z Pn_n X T kAT (13)
realization of the matrix@ after thenth section. To obtain the keIl

and use the analogy between (3) and (5) again

?w=?2w+f2?1w+?2XT2?1- 9)



588 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 20, NO. 4, APRIL 2002

N’\2500 : L ; T T ! LI : LI : L 120: !'('a') r
[} . . : ) T L ] [
£ C 100 |- = ¥
) 2000 o ] s
=] £ 80 - ] F
§, Seolf ;
g 1500 gt :
= T 0|+ ] r
g 1 : [
20 [+ - b
= 1000 o A SR I G e B :
() [} AP P R . 20 0 Lt e
s 0 20 40 60 80 100 120 -1000 0, , 1000
a 500 DGD (ps) 1, P57
(@] 7 100 [T
n C : : : ; . i
) SIS I SIS A S 80 b hebene
o] 20 40 60 80 100
<DGD> (ps) § 60
o [
-‘2 40
Fig. 2. Comparison of the results of numerical computations with the b
analytical results. Computation results: rms of full length of the full SOPMD 20
vector (circles); rms off,|; (squares); rms’, .. Solid curves are obtained :
: P e
using (15). 05 ~"7660 3600 , 3000 4000
v, (ps)

Fig. 4. Histogram of (a) DGD and SOPMD componentsfp) and (C)7.. ..

@) T Solid lines are experimental data and dashed lines are theoretical curves for
’6100 Rl S P H (r) = 41.2 ps. Total number of samples for experimental curves is 1001.
[ T N A SRR SRR H
1

. 80 STk TR :
E‘ _5 ___________ E_“__._”'; »»»»»»»»»» H A2500_|."!rn:,"||'|||||!|'l_
a : 5 @ S STy e w1
o 60 - ey 1 e = mst_theory ! HE
5 H i“ -. i I‘ i }“ 1 g 2000 b of T [ m 7 .
o 1R AR L D 3
s 40F i Il 1} il Ill |‘1 l| £ .
g fi-1p T il 21500
g20 ------ g AR -2 =
= : I E o0
o b A | S S U A =
SUNPTORTOOTNONE .NLLOVONNE & 1000
1540 1545 1550 1555 1560 g
Wavelength (nm) % 500 [ ]
4000 7 & fe ¢ Tioen
~ (b) . : H N : : ! : ]
3 — It ; = ) S N A PRI A
i : 0 20 40 60 80 100
<DGD> (ps)

Fig. 5. Dependence of rms af,. (squares) and. (circles) on{DGD).
Solid lines are theoretical results obtained using (15).

obtain the following expressions for the mean squares of these

Components:
o MMtk (P21Ir) =(r%) (F7 + P)
1540 1545 1550 1555 1560
Wavelength (nm) <?3|| |T> =(rQ. (14)

Fig. 3. Spectra of (a) the DGD and (b) two SOPMD components of the tdstere, the sigr{|7) denotes averaging over all states with fixed
fiber. 7, while () denotes averaging over all possible states with all
possibler. CoefficientsF’, P, and@ are yet to be determined.

wherezis a vector perpendicular to the PMD vector of the entire T0 find the values of the coefficients in (14), we first consider
link 7 anda is some coefficient. Both terms in the expressioH!® second (uncorrelated) term in the right-hand side of (13).
(13) are the sum ok (the first term) andV — K (the second Based on ourassumptior$, in the product under the sum (13)
term) random vectors with length proportional 4a-. There- is not correlated with’if & > K. Therefore, the valué?f||> of
fore, the averaged mean square pfwill scale as(~2). Writing  the parallel component will not depend onas it is reflected in
this equation for the perpendicul@r and parallefr,; com- (14). Thisisin agreementwith [2], where the probability density
ponents ofr,, separately, and then squaring and averaging, enction of7,,;; was shown not to depend on DGD. Because of
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Fig. 6. 7 and7, . as functions of wavelength in a narrow range (data from the Fig. 3).

this fact, the average PCD with fixeds the same as the averageheorem, can be represented as a product of unitary mitrix
PCD including all possible, TTEII“? = Tfll . Therefore, and Hermitian matrix¥{, containing the PDL informatio[9]7]

we can use a known relationship for the PCD in [2] and we
obtain@ = 1/27(72). Atthe same time[x A7 is a random

vector uniformly distributed on the Poincarée sphere. Therefofgy, o e.. is an arbitrary complex constant. At least three indepen-
products in (13) are also uniformly distributed and rms of thg.nt nojarization launches are required to determine the matrix
components parallel and perpendicular to the PMD ;/ector Wil Once the matrig’ is determined, one can obtain the unitary

relate as 1 to/2. This means thaP = 2Q = 2/27(7%). O \naviv o) Having characterized the dependence of the matrix

find the coefficient”, we can use (12) and known values @r 7 o the wavelength (optical frequency), we can use classical
andP. After squaring (13) and integrating overwe obtain the  j\e o determine the PMD vector. Poole and Wag11]r [9] (see

T=cUH (16)

following expressions for rms at, and, . : also [3] for the detailed review) considered the mafvix
2 1 M = U, U =0,07! 17
Y =2 i Ly e 4
1 where dagger denotes the Hermitian conjugate. It was demon-
\/ <?f|||7> =7 (7). (15) strated that the eigenvalues of the mattixare equal torr /2

and yield the DGD value, whereas the eigenvectors are the PSP

Fig. 2 shows excellent agreement between numerical calcfgetors. Using the measured values of DGD and PSP, we deter-
tions obtained by random polarization scattering between sé¢ined the values of botf,; and7, . .

tions and the analytical formulas (15). We used 128 dif- The measurement results are presented in Fig. 3. Shown in
ferent fibers with 2000 sections each. The DGD of a single sddig- 3(2) is the dependence of the DGD on wavelength and in

tion was 1 ps, making the average DGD equal to 41.2 ps.  Fig. 3(b) are the spectra of,; and.. . It is clearly notice-
able from Fig. 3(b) that the magnitude®f, is generally much

greater that that of |, according to the previous observations.
Also noticeable is a correlation between the peaks of DGD and
The fiber used in the experiment consisted of 12 km of olthe peaks of;||; see more details in Fig. 6.
high-PMD dispersion-compensating fiber followed by 50 km Shown in Fig. 4(a) is a histogram of the DGD. The histograms
of standard single-mode fiber (SMF) 28 fiber to compensaté the PCD componeri,; and absolute value of the perpen-
for most of the chromatic dispersion (CD). The total CD of thdicular component,,; are presented in Fig. 4(b) and (c). The
test fiber was measured to be250 ps/nm. The total PDL of analytical curves were calculated directly from the theoretical
the test fiber is about 0.5 dB and is attributed to the DCF parhodel [2] using the value ofr) = 41.2 ps obtained from the
rather than to the connectors, which was confirmed by a separf@ateD measurements.
measurement. The main result of our investigation is shown in Fig. 5. It rep-
We measured DGD and PSP as functions of wavelengtsents the statistical dependence of the pardligland per-
using both mode-matchina method (MMN[7][5] and Jonegendicular7, ;. components of the second-order PMD vector
matrix eigenanalysis (JME[g]6] methods. The measuremermts DGD. We averaged the DGD values within 10-ps size bins
were performed in the wavelength range from 1540 to 1560 rand calculated corresponding rms 4 and7,  in the same
with a wavelength step 0.02 nm, yielding 1001 measuremedsihs. Overall, we used 1000 experimental points. Surprisingly,
points. No interleaving was used. the two components of the second-order vector have very dif-
We used the three-launch JME method instead of two-launfgrent behaviors with respect to the DGD in the line. The rms of
MMM method to account for PDL. In the presence of PDL, thé, does not depend on DGD, wheredas_ for large DGD in-
transmission matri¥’ is not unitary and, according to the Jonesreases linearly. The deviation of the experiment from the theory

I1l. EXPERIMENTAL RESULTS
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for the large and small DGD values we attribute to insufficient [5] M. Karlsson and J. Brentel, “Autocorrelation function of the polariza-
statistics in the tails of Maxwellian distribution. tion-mode dispersion vectorOpt. Lett, vol. 15, pp. 939-941, 1999.
. . . . . [6] G. D. Poole and D. L. Favin, “Polarization-mode dispersion measure-
Itis also interesting to look into the details of the dependence™ ,onts based on transmission spectra through a polarizerightwave
of 7 and7,,, on wavelength. Part of the data in Fig. 3 is pre- Technol, vol. 12, pp. 917-929, June 1994.

sented in Fig. 6 to show the details. Again, the general corred71 R. M. Jopson, L. E. Nelson, and H. Kogelnik, “Measurement of
lati d ibed . | h | v th h second-order polarization-mode dispesion vectors in optical fibers,”
ation, described previously, shows up clearly; there are thrée |egg proton. Technol. Lefivol. 11, no. 9, pp. 11531155, Sept. 1999.

large peaks in the spectrum ofand there are groups of peaks [8] B. L. Heffner, “Automated measurement of polarization mode disper-
in the spectrum of;,, | , corresponding to each DGD peak. How- sion using Jones Matrix Eigenanalysi$2EE Photon. Technol. Left.
- , vol. 4, pp. 1066-1069, Sept. 1992.
ever the exact locations of the peaks/gni do not correspond [9] H. Hurwitz Jr. and R. C. Jones, “A new calculus for the treatment of
to the DGD peaks exactly. optical systems. li: Proof of three general equivalence theorem®jt.
Soc. Amer.vol. 31, pp. 493—-499, 1941.
[10] M. Karlsson, J. Brentel, and P. Andrekson, “Long-term measurement of
IV. CONCLUSION PMD and polarization drift in installed fibersJ. Lightwave Technal.

. .. . . vol. 18, pp. 941-951, July 2000.
We determlned the StatIStIC3.| COFre|atI0n betWeen fIrSt- anqll] C. D. Poole and R. E. Wagner’ “Phenomeno|ogica| approach to p0|ar_

second-order PMD effects. We found that the two components  ization dispersion in long single-mode fiber&lectron. Lett, vol. 22,

of the SOPMD vector behave very differently with respect to ~ PP- 1029-1030, Sept. 1986.

DGD (magnitude of PMD vector). In contrast to the previous

suggestion that the value of the tangential component of

SOPMD 7,,, decreases with increasing DGD [4], we founc

that the rms value of,,, increases nearly linearly with DGD.

We measured the PMD spectrum of a real fiber and determin

both SOPMD components. Experimental data and numeri

simulations using the model consisting of 2000 random

coupled birefringent sections are in excellent agreement w
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